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STRESS DISTRIBUTION IN AND EQUIVALENT WIDTH OP PLANGES 
OP WIDE , THIN-WALL STEEL BEAMS* ' 
By George Winter 



summary 

The use of different forms of wide-flange, thin-wall 
steel "beams is becoming increasingly widespread. Part of 
the information necessary for a rational design of such 
members is the knowledge of the stress distribution in and 
the equivalent width* of the flanges of such beams. This 
problem is analyzed in this paper on the basis of the the- 
ory of piano stress. As a result,, tables and curvps'aro 
given from which the equivalent width of any given beam 
can be read directly for use in practical design. An in- 
vestigation is given of the limitations of this analysis 
due to the fact that extremely wide and thin flanges tend 
to curve out of their plane toward the neutral axis. A 
summary of test data confirms very satisfactorily the 
analytical results. 

INTRODUCTION 

This paper deals with the distribution of longitu- 
dinal stresses in the flanges of thin-wall beams of I-, 
T-, or box shape,, or of similar shape. 

Beams such as I- and other rolled sections and com- 
posites thereof have long been in use -in structural engi- 
neering, ana. it is generally assumed that the magnitude 
of the longitudinal stresses does hot vary over the width 



♦Condensed from a. thesis accepted by the Graduate 
School of Cornell University in. partial fulfillment for 
the degree- of Doctor of Philosophy, June 1940. 

This analysis was undertaken in parallel with an ex- 
perimental investigation into this subject sponsored by 
the American Iron and Steel Institute at Cornell University. 
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of the flange at a given cross section. With tho develop- 
mont of 1-ight-we ight constructions of different kinds there 
is, however, at present a definite trend toward the uso of 
I-, T— , and other sections of considerable width and rathor 
small thickness. Structural morabers of such kind are 
widespread in ship and airplane "building and, with tho 
development of the spot-welding technique, are "becoming 
increasingly important for small-scale structures such as 
rosidenco buildings. In connection with this development, 
investigations have been undertaken to ascertain whether 
in such casos the bending stresses still may be assumed to 
be uniformly distributed over the" width of tho flange. 
(See references 1, 2, and 3.) It was found that in wide 
beams the stress distribution considerably deviates from 
uniformity and thai; for a rational design of such beans 
this nonunif ormity oust be taken into account. All those 
investigations which troat the behavior of the beam as a 
whole are concerned with special cases. Moreover, very 
complex nathematical expressions are arrived at which, for 
numerical evaluation, toquiro an amount of algebraic com- 
putation prohibitive in design practice. In addition, the 
stress distribution in- the flangos is treated as a problom 
in plane stress without analyzing the limitations arising 
from this approach. 

The present work, in which a different mothod was 
used, undertakes to investigate the stress distribution 
in the flangos of I-, 07-, "J- , and box-shape boaras^ and to 
presont tho numerical results in the form of tabljbs and 
curves for diroct use in practical design work. 'In order 
to achieve this purpose, two stojss are nocossary: (l) Tho 
state of stross in the flanges is; analyzed for differont 
loading conditions and as a result curves are presented 
from which tho equivalent width for practically all possi- 
ble beam dimensions can be read directly; and (2) an in- 
vestigation is carried out to ascertain the limits within 
which this analysis, basod on plane stress, is sufficiently 
exact; as a result, simple formulas are given for the lim- 
iting dimensions of beams to which the foregoing analysis 
applies. In addition, it seemed :desirablo to provide pos- 
sibilities for experimental verification of this analysis. 
Por' this purposo, a further curve is computed, which givos 
tho ratio of tho magnitudes of the strossos at the center 
of the flange to that at the edges for I-beams. Those 
ratios can be checkod experimentally by strain measurements. 
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THEORETICAL ANALYSIS OE STRESS DISTRIBUTION 



General Method 



Eor practical design work it is important to ascer- 
tain that the actual stresses at no point exceed a given 
limiting working stress. In order to achieve this objec- 
tive, it is simplest to make use of the idea of the equiv- 
alent width. In figure 1 the actual stress distribution 
over the width of the flange of an I-beam is given in full 
lines. The area under this curve, multiplied by the flange 
thickness, represents the total longitudinal force acting 
in the flange. If this area is replacod by a rectangle 
(dotted lines on fig. l) of equal magnitude, the depth of 
which is equal to the actual maximum stress cr„„-^, an 
equivalent width 2b* is obtained. Obviously the flange 
of width 2b with its actually nonuniform stress distri- 
bution may then, for all practical" purposes , be replaced 
by a fictitious flango of the same thickness, but of eauiv- 
alont width 2b* and of uniform stress distribution. In 
particular, the section modulus will then be computed on 
the basis of 2b 1 instead of 2b, and as a result the 
stress found from the elementary formula cr rtaz = M/S will 
then coincide with the actual <T nax in the flango. 

Throughout this investigation the x-axis of the co- 
ordinate system is taken in the longitudinal direction of 
the beam, and tho y-axis is taken as shown in figure 1, 
and the z-axis is taken in the vertical direction. If d 
is tho thickness of the flange, the total longitudinal 
force acting in the flango becomes 




(1) 



' o 



and the equivalent width is obtained from 

b 




o 




If, for the moment, 'the small curvature of the beam 
duo to bending is noglected, tho flange may be regarded 
as a plane plate loaded by shearing forces along its joint 
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with the wet). It is then possible to investigat-c tho re- 
sulting stress distribution by neans of the theory of 
plane stress. The distribution of the shear stresses 
along the joint of web and flange evidently follows tho 
distribution of tho external shearing force in the bean 
as a whole. This assumption holds exactly only for 
beans loaded by continuously distributed loads. Concen- 
trated loads result in local irregularities of the shear 
distribution because of the distributing action of the 
web and because of th« actual area of-appl icat ion of such 
so-called concentrated loads. The influence of these 
factors will be investigated later in this paper. Thus 
the total shear T transmitted from the wcTo to the flange 
at any particular cross soction is proportional to tho 
external shearing forco V, namely, 

T = 5- V = k V (3) 

where n is moment of area of flange about neutral axis 
and I is moment of inertia of the bean. The stress dis- 
tribution of a plane plate loaded in that manner will now 
be analyzed. 

Throughout this investigation the span of the beam 
is taken as 21 and tho width of the flango as 2b; tho 
thickness of the flange is taken as unity. Thus figure 
2(a) rcprosont-s the flange of an I-bean loaded by a single 
conceatratod . force in the center; figure 2(b) shows the 
flango of a box beam under uniform load. Because the prob- 
lem is one in plane stress, the solution reduces to the 
integration of tho differential equation. (See roferonce 
4.) 

ax ox«ay ay 

whoro § is tho Airy stross function. Thon tho stresses 
are 



a. 



Sy 

a 8 l 
7 " ax 3 



T xy 



a"/ 
axay 



(5b) 
(5c) 
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whero cr x is the longitudinal stress; o"y» the trans- 
verse stress; T Z y , the horizontal shear stress. Equa- 
tion (4) is satisfied by any function of the form 

, n 

P = 2 (A n cosh a n y + 3 n sinh a a y + C n y cosh y 



+ D n y sinh a n y) cos x 



where 



rnr 

an = 31 



The constants' A n , B n , C n , D n follow from the bound- 
ary conditions. By substitution of / (equation (6)) in 
equation (5c) it is possible to represent the distribution 
of T xy along the loaded edge of the plate as a Fourier 

series. The boundary conditions common to both types of 
beams (see figs. 2(a) and 2(b)) are: 

dy = 0 at y = ±b 

and <Jx = 0 at x = ±1 

The second of these conditions is satisfied by making h 
odd.- Two constants are required to satisfy the first con- 
dition. In addition, there are two more conditions in 
T" X y. along the longitudinal- edges that vary according to 

the particular case. Thus, two more constants are required 
to satisfy these conditions, and hence all four constants 
are determined. It may be noted that this solution results 
in a set of horizontal shearing stresses along the short 
edges 1 = ±l| which may or may not coincide with the ac- 
tual distribution in any given beam, depending on the typo 
of practical end support. However, because of equilibrium 
and symmetry, the resultant of these stresses is zero along 
either edge. Therefore, those stresses, according to 
Saint-Yenant 1 s principle, have only local effects, which 
disappear at a short distance from the edge. But from the 
designer's point of view only the. 'stress distribution at 
and near the cross section of maximum moment, that is, near 
the center portion of the beam, is of interest. Those 
stresses will not bo affected by the shearing stresses 
along x = ±1 . 
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Having thus determined all four constants, one is 
able to compute the stresses at any point of the flange 
by moans of- equation (5) and the equivalent width from 
equation (2) . 



Stress Distribution in I- and T-Eoans 

The general solution just outlined applies only to 
plates loaded along their edges. Sinco, for I- and T- 
bcams, the shear from the web acts along the center lino 
of the flange, lot the flange bo cut in half along the 
x-axis. The distribution of these applied shear stresses 
at y = 0 is expanded in a Fourier series in sine only 
and with n odd. Let K n be the coefficients of this 
series. Then tho boundary conditions are: 

n 

(1) At y = 0, r xy = 2 K n sin a n x 

(2) At y = b, <7 X = 0 

(3) At y = b, T xy = 0 

(4) Since the plate is cut in half along tho x-axis, 

there is the further condition that the two 
halves are prevented from separating along 
the cut. Since bodily translation or rotation 
of either half is prevented by equil Ibr ium 
and symmetry, this condition results at y = 0 

3 2 v 



in 



3x ; 



Conditions (l), (2), and. (3) are evaluated by using 
for <r x equation (5a), for Tyy equation (5c), and for 

/ equation (6). In order to evaluate condition (4), let 
u bo the displacement in the x-diroct ion and v in the 
y-direction. Then the longitudinal' strain 

and the shear strain 

x y 3y 3x G- xy G 3x3y 
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where E is Young's modulus, v is Poisson's ratio, and 
E 

G= — - r- is the modulus of elasticity in shear. If 

2(1 + v) 

equation (7a) is differentiated with respect to y 



8z3y E \3y 3 ax 3 3yy' 
And if equation (7h) is differentiated with respect to x, 

(IS) y=0 = 0 " - 

/±1l>S 0 _ L(jlL) (8b) 
V3x3y/, r=0 &V3x 2 3y/ y =o 

If the right sides of equations (8a) and (8h) are equated, 
it is seen that at y = 0 



i/ \ i /a 3 / a 8 / A , a s 

a( "5*7 ) y=0 = i" - u 3^i7 ) y=c (8c) 



Equation (8c) and conditions (l), (2), (3), result in four 
simultaneous equations in A n , B n , C n , D n . Solving these, 

the four constants are 

A E — " ^ sinh 3 q n h + (l + v) (q n h) 3 fg& ^ 

ct, n 2 (sinh 2 a n "b + 2 a n h) 

B * = E * rH (91 ° 

C n = Z n UJL (9c) 
2 a, n 

^ (1 + v ) cosh 2 a n b + (1 - u ) 
D n = - E n (9d) 

a, n (sinh 2 (% t + 2 <% b) 
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All these constants are expressed in K a , that is, in 
terms of the Fourier-coefficients of the shear distribu- 
tion series along the loaded edges. It— is therefore pos- 
sible to adapt the solution to any given type of- loading. 



Stress Distribution in Box and IT-Eearas 

The flanges of such beams are loaded by shearing 
stresses along both longitudinal edges. (See fig. 2(b)). 
The distribution of these stresses again is expanded in 
a Fourier series in sine only and with n odd, the coef- 
ficients of which are K n . Thon the boundary conditions 
are : 

n 

(1) At y = ±b, Tjj-y. = ±S & n sin a n x 

(2) At y = ±b, <T y = 0 

(3) And by symmetry, at 7=0, r x y = 0 

If equations (5a), (5c), and (6) are usod, four simultane- 
ous eq.uat~ions are again arrived at from which 



An 






3n 




0 


On 




0 


D n 




En " 



2 b si nh a% b 



2 cosh a n b 



a n (sinh 2 an b + . 2 (% b) 



(10a) 

(10b) 
(10c) 
(I0d) 



Equivalent Width for Different Loading Conditions 

In order to derive data for use in practical design, 
three kinds of loading are investigated for both typos of 
beams and for different ratios of width to span, b/l. 
The types of loading and the corresponding shear distri- 
butions are shown in figure 3. These shear distributions 
are oxpanded- in Fourier series in sine only and with n 
odd. The respective Fourier coefficients are: 

For loading (a) 

E n = ±\ (Ha) 
n 3 
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For loading (b) , 
lor loading (c) , 



K n = i (lib) 



K a =±'i sin HL (He) 
11 n 4 » ■ 

If these coefficionts arc introduced into equations (9) and 
(10), the stress function / is then determined from 
equation (6). 

In order to computo the equivalent width 2b 1 , use 
is made of equation (2). Introducing into this equation 
<T X from equation (5a) 

* / "x* 2 |^ dy 2 £ 

2b*=-^ «Jl2 = LJrZ (12)_ 

°"max ff iai ff aax 

The maximum stress cr maJC (see fig. l) occurs at the web, 

that is, at y = 0 in I-beams and at y = ib in box beams. 
Thus , ' 

g 3 r - 

cr max = (^~- J for I-beams, and 



cr max = (rr-^ - ) for "box beams 



For design purpose it is the ratio of the equivalent 
to the actual width 2b 1 / 2b that is important. If 0" ma x 
is substituted into equation (12) , one obtains for I- 
b earns 



■8/ 

2b i. 1 Wfl v = 



2b D /sl£\ 



y=b 

— (13a) 



and for box beams 
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/ 



£b ' 
2b 



Having obtained the reduction factor 2b'/2b, it is then 
possible to determine the equivalent width of any given 
"beam, multiplying the actual width by the appropriate re- 
duction factor. She maximum stress is then Gbtained from 
the ordinary flexure formula 

= JL 
°max g i 

where M is the bending moment and S 1 is tho reduced 
section modulus determined by using the equivalent width 
2b 1 instead of tho actual width 2b. 

The stress concentration and hence the equivalent 
width vary along the beam. For concentrated loads the 
concentration is largest, that is, tho equivalent width 
is tho smallest, at tho point where load is applied, which 
usually is also the section of maximum moment. For beams 
with uniformly distributed load, the maximum moment acts 
at tho center of tho span, and hence it is this place for 
which the reduction factor is to be determined. For use 
in design, reduction factors pertaining to the sections 
Just mentioned have been computed for a wide range of 
span:width. It is easily seen that the reduction factors- 
for loadings (b) and' (c) of figure 3 are identical. A 
comparison of equations (lib) and (lie) reveals that 
for loading (c) is obtained from S n loading (b) 

through multiplication by + "~ — — . For loading (b) , how- 

-+■ JT. 

ever, the critical cross section is the center of the span 
where cos cc, n x = cos 0=1; whereas for loading (c) it is 

the quarter points where cos a n x = cos 4c~ = + ~ —7— - 

-+ JT 

Hence, the stresses at that point are obtained from those 
at the center for loading (b) by multiplying the series 
for o^, term by term, by 1/2. Since this factor appears 
both in the numerator and in the denominator cf the reduc- 
tion factor 2b r /2b (see equation (12)), the equivalent 
widths for both types of concentrated loads are identical. 



1 
b 



w =1> 

3*7 y=o 



( 



- 3, 



ar 3 4=b 



(13b) 
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It is therefore safe to apply this reduction factor to 
any type of concentrated loading. 

In table I nunorical data are given for the roduc- 
, tion factors of both types 'of Deans investigated and for 
distributed and cencontratod loading. 



Q7A3LS I 



Hat xo s 


of 


Squivalont to Actual sfidth, 


2b */2b 


3eans 


1 


I- and 2- 


Box and 


TJ- 


1 /"h 


. p (a) p (b) 


P Ca) 


p(b) 


TT 




0.657 0.575 


0.880 


C.557 


2 TT 




.958 ' .791 


.957 


.778 


\ 3 TT 

V 




.981 .881 


.983 


.881 


4\tt 




.990 .927 


.989 


.926 


5 TT \ 




-993 .949 

i 


.994 


.350 


(aV, 


Is 


•uniformly distributed load 




(b) p 


1 

is 


concentrated loaC 
two equal concent 
points . 


at ccntor 
ratod loads 


of span c 
at quart 



The only ^numerical results given" in Sclmadol ' s paper 
on box beans (reference 2) pertain to a bean of ratio 
span : t-idth = tt. Tor this bo an Schnadol found for 2'o !/ 2b 
the following values: 0.553 for center load, 0.382 for' 
unifornly- "distributed load, and 0.547 for "quarter-point " ' 
l^ads. It is soon that the differences bo two on the results 
obtained by Schaadol's cunborsono nothod and those obtained 
by present sinplo approach arc negligible for all practi- 
cal purposes. . .. 

It follows fron tabic I that the reduction factors 
for I- and. I-boans are practically identical with those 
for box and U-beans except for oxtronely wide beans. Por 
design work the values for I- and 1-boar.s nay therefore be 
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used also for "box and U-beams. l*or more convenient use 
these factors are presented in figure 4 in the form of 
two curves from which for any particular beam and loading 
the reduction factor can "fas read immediately. 



EXPERIMENTAL YEEIEICATIOr 



In order to facilitate an experimental test of those 
analytical results, it seems desirable to develop data 
that can be directly measured on test specimens. For this 
reason the ratios CTniax/tfmin kave been computed for I— 
beams, whore 



— (0) 



and cr m in = 



*y y=o 

The results are given in table II 

TA2EE II 



"=b 



J 



/ 



Hatios of Maximum Stress at ¥eb to Minimum Stress 
at Edge of Elange for I-boams , CT ma3C /cr r -'in 



l/h 


P 


P 


TT 


1.30 




2 TT 


1.07 


1.46 


3 n 


1.03 


1. 23 


4 TT 


1.015 


1.14 


5 TT 1 


1.005 


1.09 



ExtonsiTro experimental work iias been carried out to 
chock the analytical results. It included wide-flange ■ 
rolled sections (& = 0.27 inch) and cold-formed beams made 
of thin sheets (d = 0.077 inch and d = 0.049 inch). A 
ra.r_.sa of l/b from 4 to 18 has been covered end center 
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loading as well as quarter—point loading has "been inves- 
tigated. Strains were measured "by means of Suggea'faerger 
strain gages and stresses were computed from the strains, 
Because this test work is part of an extensive research • 
program, sponsored by the American Iron and Steel Insti- 
tute, the experimental details will be reported elsewhere. 
Tho results are summarized in figure 5, which gives the 

theoretical curves and the experimental results for the_ 

eleven beams tested. It is seen that the coincidence of 
empirical and analytical results is very close throughout 
the entire range. For this reason it is believed that the 
equivalent widths computed analytically may safely ho 
recommended for use in design. 



3FF3CT OF DISTCETI0I7 OF CEOSS SEC2IOI7 



The foregoing analysis is based on the assumption 
that the flange may ho regarded as a plane plate, thus 
allowing the application of. the theory of plane stross. 
All other authors dealing with this prohlen have nado 
the same assumption without investigating its validity 
for wide beams of thin sheet material. Actually, however, 
the flange is not only curved longitudinally in the 
loaded lean, but, under the action of the longitudinal 
"bending stresses, also tends to curve in the direction 
perpendicular to the axis of the beam. For this reason 
it is necessary to investigate whether or not this double 
curvature materially affects the stress distribution. 

An exact solution of this question would require a 
mathematical apparatus inappropr iately involved for the 
given purpose. For this roason an approximate method __ 
will bo used sufficiently exact for the present purpose, 

Figure 5 (a) represents a part of an I-beam in pure 
bending; figure 6(b) gives a short eloment ah of the 
bottom flange. It is seen that, because Of the curvature 
of the loaded beam, the tensile forces H per unit width 
of the flange act at an angle dep and hence havo a re- 
sultant E "bisecting this anglo , that is, acting in a 
radial direction. Socauso H is distributed over the 
entire width of the flange, E is similarly distributed. 
Therefore this rosultant E acts as a force perpendicu- 
lar to the surface of the flange tending to bend the 
flange inward toward the neutral axis. For this reason 
the distance fron the flange surface to the neutral axis 
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bcconcs snallor at tho cuter than at the inner portions 
of tho flange. Docauso tho "bending stresses arc propor- 
tional to this distance to a degree of accuracy sufficient 
for the present- purpose , they decrease fron tho vrob toward 
the edges. 



Pron f igtvre 6(h) 
of flange, 



it is seen that, per unit length 



P. 



dep 



ds 



E 
r 



(14) 



whore r is tho radius of curvature of tho bent bonn. 
As shown in figure 6(c) , this H represents a transverse 
load tending to "bend the flange. The differential cona- 
tion for tho bonding of a long rectangular plate (fron 
reference 5, equation (67)) is: 



d 2 w 1 M 



dy 



r D 



(Ifr) 



whore w is tho deflection cf flango 
D 



E d S 

the floxural rigidity cf plate ( ■ ^ 

V 12(1 - v 3 ) ) 
and d the thickness of plate 

It is seen that equation (15) is of the sane type as the 
differential equation for tho bending of beans 

cl. s w M 
dy 3 EI 

oxcept that tho bean rigidity EI is replaced by 'the 
plato rigidity D. . . For an- exact solution the differen- 
tial oquation 

d 4 w/dy 4 = p/D 

for cylindrical shells should be used, uhorc p is the 
total transverse force and consists of H and cf the 
elastic reaction. It can be shown that for the present 
purpose the numerical difference hotwocn the results based 
upon this exact approach and -those obtained by using 
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equation (15) arc negligible. Honco tho faniliar fornu-_ 
las for the deflections of ."beans can to applied to thoso 

of the flango if EI is replaced 05- D. On this "basis 

tho maximum deflection w Ea3: (see fig. 6(c)) of tho 
flange out of its plane will now "bo determined. 

It is assumed that <j x and thereby H can "be taken 
as constant throughout the width of the flange which is 
sufficiently exact for snail values of w. 3?hon for I- 
boams from the ordinary cantilever formula (see reference 
6, p. 356) 



'nai 



8 D 



(16) 



For an investigation of the stress distribution under 
actual working conditions, lot o~ w be the working stress. 
Than the radius of curvature r of tho boan is determined 
fron 

r = 11 with M = 2 °V 1 
M h 

to r = (17) 

2 ov 

where I is tho nonont of inertia of the bean. If equa- 
tion. (17) is substituted in equation (14) 



= 2 °V 



2 _d_ 
E h 



And fron equation (16) 



"max - 2cr v 3 ^ d -= 3 (St V * (l - „■) (18) 
8 D E h \ E / c i a h 



The value of w nax having boon determined, it follows 

fron the linear variation of . over the depth of the 

cross section that tho ratio of tho maximum stress at 

y = 0 to the minimum stress at y = ±b is 



'nai 



ff nin h - 2 w nax 



(19) 
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If the sane considcrati cms aro applied to box and TT-beans 
and if the generally weak rostraint of the flange at the 
web is neglected,, tho flange, nay hp regarded in. this case 
as a sitiplo plate .freely supported at the wobs. From 
reference .6, p. 360, 

Wn " x = iii tt . (30a) 

or, since hero the span L = 2b , 

and using again equations (15), (16), (17) 

= 5 (f ) " z£ (1 " » 3) : (21) 

If this w nox is introduced in equation (19) , tho stress 

docroaso due to tho distortion of Jho cross section can 
again be determined. ■ " 

It is thus seen that the curvature of the bean ro- 
sults in itself in a nonuniform stress distribution in 
tho flangos, which is an- effect entirely different fron 
that investigated before on tho basis of the distribution 
of the shearing forces. An exact investigation should 
theroforo consider the joint action of_both those effects. 
It can be shown, however, that in beans of practically 
possible dimensions the effect of tho curvature of— tho 
beam is exceedingly small and may therefore bo neglected 
in practical applications. 

In order to establish a criterion indicating in which 
case the effect of tho curvature af the bean nay bo ne- 
glected, it will bo assumed that a stress decrease of 4 
por.cont.is negligible for all practical purposes. Such a 
stress decrease results in a reduction of tho equivalent 
width of less than 2 percent, which is loss than any at- 
tainable design accuracy. It is therefore necessary to 
establish a criterion such that 



CT anx ~ °"nin = °' 04 °"nax 



(22) 
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Because the stresses are prop.ort ional to the distances 
fron the neutral axis, if equation (18) is usod for I- 
boans 



3 . 2 

04 



or 



b 3 < 0.0817 E (a3 -y 



•and, in particular, for stool "beans with 2 = 3 x 10 7 
pounds per square inch 



b~ ^ 2.57 x 10 s 

cr w 



whore b, h, d are, respectively, half the flange width, 
the depth, and tho flange thickness of the boan; a w , the 
working stress; and v. Poisson*s ratio. 

Sir.ilarly for box bear.s, if equation (21) is used 



3? - i< ».(30"(£)"< 1 -."•>*<>•" 



or 



b 2 < 0.0633 3 



dh Jl - v z ar w 
and particularly for steel beans 



(24a) 



b 3 < 1.98 X 1Q 6 
dh = 

enploying the sane symbols as above. 



(24b) 



Hence, the data for the equivalent width given in 
table I and figure 4 nay be applied to any bean satisfy- 
ing the conditions expressed in equations (23) and (24). 
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It— may - eas ily be verified- numerically that practically 
all -beams wiLth structurally possible dinensions will 
satisfy these Conditions. 

C0SVEHGE1TCE 0? THE SESlES ' IETOLVED 



In the foregoing analysis, -the reduction factor 
2b 1 1 2b as well as the stress concentration CT-^^/cXj^^^ 

are obtained as quotients, the numerator and the denomi- 
nator of which, are in the form of a Eourier series. The 
numerical values ^iven in tables I and II have been ob- 
tained by taking nine terns of each of the series involved. 
In order to obtain an estimate of the accuracy thus ob- 
tained, it seems advisable to analyze the question of the 
convergence of those series, This analysis will be made 
here for I-beams only because the method is essentially 
the same for box beams. 



In order to investigate the numerator of equation 



(13a), the coefficients A s , S a , C n , 



from equations 



(9) are subst itmted in equation (6), which results in 

y=b 



2L 
Sy 



y=o 



n K 

= S -a 

i a n 



Substitution of the appropriate K n from equations (ll) 
gives for uniformly distributed load 

n ,1 21 "n const 
2 ± — - — = 2 ±— --„ ■ - 
i n 3 nir ! n * 

an'I for concentrated load 




a n 



n £n n r 2 V " a const 
x '% = i n n7T = ? n K 

It is seen that each of these expressions is an. .absolutely 
convergent series, the first few terms of which decrease 
rather rapidly. ■ • 

Making the same substitutions in the denominator of 
equation (13a), one arrives at 
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n 

S (A n a n 2 + 2 D n a n ) 

i' 

n (3 + v) cosh 2 (%' Id +(1 - v) + (1 + i>)(an b n ) 3 

= - S £ n : : 

x 2 sinh (% 1) cosh an b + 2 eta. b 

3ocause the hyperbolic functions involved increase ex- 
ponentially with a n) it is seen that for higher terms 
(a, n large) the individual terms of this series approach 
the corresponding terms of 

£ E n 5 + - coth a n b * 3 * ■ U £ &n 
i 2 ~ 2 i 

because for large a n coth a n b = 1.' If for uniformly 

distributed load K n is substituted from equation ('lla) , 

it is seen that the higher terms of this series are of 
n 

the type S ± ■P-Q.n.S.t, , which again is absolutely converg- 

1 n 3 . .... 

oat. For concentrated load, however, substitution of K n 
from equation (lib) gives a series the higher terms of 
which are seen to approach those of the series 

n const 

2 while the first few terms of the former series 



decrease more rapidly than those of the latter. Hence, 
the series for the denominator of equation (13a) for con- 
centrated load is divergent, although the individual terms 
approach zero with increasing n and the first few terms 
decrease rather rapidly. 

In a purely mathematical sense this divergence does 
not threaten the validity of the solution. Indeed, $ 
(equation (6)) satisfies the original differential equa- 
tion (4) not only as a series but term by term. Hence, 
the series may be broken off at any arbitrary term and the 
sum will still satisfy equation (4) and all other equations 
derived from it. Ihorof ore, the problem consists in the _ 
physical rather than in the mathematical legitimacy of tak- 
ing a small number of terms of a divergent series. 

It will be remembered that by means of the first of 
the four boundary conditions the given shear distribution 
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at y = 0 is expressed in a Fourier series, the coeffi- 
cients of which aro K n . In order to obtain full coin- 
cidenco of this sorios with the shoar diagram of figure 
3(c), one would have to take an infinite number of terns. 
Breaking the series off after nine terns moans that the 
discontinuous curve of figure 3(h) is replaced by a con- 
tinuous, though sharply changing, curve. As an example 
such a curve, but for four terms, is given in figure 7(a) 
(reference 7, p. 63). For nine terms, part a of this 
curve will be correspondingly shorter. If one now regards 
the closely corresponding curve of figure 7(b) as the 
diagram- of shear distribution it is soon that it corre- 
sponds to a loading of— the kind of f-iguro 7(c) rather 
than to an ideally concentrated load. The longth a is 
oqual to ono-half the wnvo length of the last sine wave 
added, i.e., to span/n or in our case to span/17. However 
tho actual shear distribution, will just bo of this sane 
kind for the following two reasons; All concentrated 
loads actually are distributed ovor a small longth c 
(fig. 7(c)) of tho span and, before reaching the web, the 
resulting shear will be furthor di3tributod in the web. 
Therefore, by taking a dofinito number of terns, the 
analysis is based on a shear distribution which, in es- 
sence, is exactly of tho kind actually occurring undor 
concentrated loads. 

It remains to verify whother taking nine terns of 
tho corresponding series is sufficiently accurate for tho 
given purpose. This question nay bo answored in the af- 
firmative for the following three reasons; 

1) In actual structures concentrated loads usually 

aro .distributed ovor a length along tho span 
of not loss than span/50. Without detailed 
investigation of this question, it nay safely 
be assumed that the further distribution in 
tho web doubles or oven triples this length. 

2) Tho reduction factor 2b'/2b changes very little 

with decreasing values of a. For instance, 
for a bean of l/b = 2tt, 2b»/2b = 0.828 for 
six terns and 2b '/2b = 0.791 f-or nino torns. 
Thus an incroaso in the length a of about 55 
percent (span/11 instead of span/17) results 
in an increase of less than 5 percent in the 
equivalent width. For higher terns tlris dif- 
ference becomes still smaller. 
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3) The experimental results summarized in figure 
5 have been obtained "by applying loads in 
some cases directly through rollers and, in 
other cases., through distributing plates of 
width = span/24 to span/48. The good coin- 
cidence of analytical and empirical results 
is sufficient proof for the adequacy of the 
chosen number of terms. 



GENERAL CONCLUSION 



The primary purpose of the investigation was to 
analyze the stress distribution in the flanges of wide, 
thin-wall beams of I, T- , U- , and box shape and to obtain 
results suitable for direct application in design. It is 
shown that the magnitude of the bending stresses in t he 
flanges of such beams varies across the width of the soe- 
tion and that the amount of this, variat i on depends upon 
the dimensions of the bean and upon the typo of loading. 

Thoreforo, in tho determination of the magnitude of 
the maximum bending stress in design work, the equivalent 
width of such flanges should bo used instead of the actual 
width. In figure 4 curves are given from which this oquiv 
alent width can be road directly for any particular type 
of beam and leading. 

Eor the purpose of facilitating tho experimental 
verification of the .analytical results, further curvos 
have been computed that give the ratios of tho maximum to 
the minimum bending stress in the flanges. These ratios 
have been chocked experimentally by means of strain meas- 
urements on 11 I-beams. Tho experimental data confirm 
very satisfactorily the analytical rosults. 

It is further shown that the cross sections of wide 
beams made of extremely thin shoots are subject to dis- 
tortion that gives rise to additional stress concentra- 
tion. Equations (23) and (24) furnish simple conditions 
for determining tho limiting dimensions of boams for which 
the effect of this distortion nay be noglocted in practi- 
cal applications. It may easily be vorifiod numerically 
that practically all beams of structurally possible dimen- 
sions will satisfy these conditions. 

College of Engineering, School of Civil Engineering, 
Cornell University, Ithaca, N». Y. , June 1940. 
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Figure 1.- Actual stress 

distribution 
over width of flange of 
I-beam. 



Figure 2.- Distribution 

of applied 
shear stress, 
transmitted from web 
to flange, (a) Flange 
of I-beam loaded by a 
single concentrated 
force in the center, 
(b) Flange of box beam 
under uniform load. 
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Figure 3.- Shear distribution for the three 

typeB of loading analysed, 
(a) Uniformly distributed load, (b) Single 
concentrated load applied in the center, 
(c) Two concentrated loads of equal magni- 
tude applied at quarter points. 
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ffigure 4.- Analytical curves for determining the equivalent width of the flanges of I-, T- f U- T 
and "box beams, -i/b = span/ width, b'/b = equivalent width / actual width. 
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Figure 5.- Analytical stress concentration curves for I~ and T-bearos and experimental results 
of 11 I-beams tested, a = bending stress at joint of web and flange, 
°~ min = beting stress at outer edge of flange, l/b = span/ width. 
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(c) 



Figure 7.- Shear distribution of learn loaded 

by concentrated force In center; 
representation of the actual shear distribu- 
tion by four terms of a Fourier series. 

Figure 6.- Actual stress distribution over 

width of flange due to distortion s 

of cross section of I-beam, (a) Side-view of % 

section of I-beam, (b) Element, ab, of bottom ? 

flange, (c) Distorted cross section and o> 

stress distribution. \i 



